We prove an identity between three infinite families of polynomials which are defined in terms of 'bosonic', 'fermionic', and 'one-dimensional configuration' sums. In the limit where the polynomials become infinite series, they give different-looking expressions for the characters of the two integrable representations of the affine su(2) algebra at level one. We conjecture yet another fermionic sum representation for the polynomials which is constructed directly from the Bethe-Ansatz solution of the Heisenberg spin chain.
Introduction
General symmetry arguments lead to the observation that certain infinite-dimensional algebras, called chiral or vertex operator algebras, play a major role in two-dimensional conformal field theory [1] [2] . In particular, the Hilbert space of a conformal field theory decomposes into irreducible highest-weight representations of such algebras. The theory of such representations is well developed [3] , and their characters, which encode the spectrum of (certain sectors of) the conformal field theory, have been calculated extensively by various methods. The characters are constructed as formal power series χ(q) in some variable q (occasionally other variables -"counting" the charges with respect to some symmetry -are also present).
Such characters also arise in studies of integrable models of two-dimensional classical statistical mechanics and their related (through a transfer matrix) one-dimensional quantum systems. This comes as no surprise when the two-(one-)dimensional system involved is critical (gapless), as -having in mind the discussion above -scaling limits of many such systems are expected to be described by conformal field theories. More surprising is the appearance of characters in computations of order parameters in off-critical two-dimensional systems, using Baxter's corner transfer matrix (CTM) technique [4] .
An interesting aspect for us here is the possibility, due to the fact that the statistical mechanics models are defined as finite systems of size L = 1, 2, 3, . . ., to construct infinite families of polynomials χ (L) (q) which approach the characters in the thermodynamic limit L→∞. In a sense, this procedure describes a gradual build up of the infinite representation space of the relevant chiral algebra. Now, within different frameworks one obtains different-looking expressions for the finitized characters χ (L) (q). Analyses [5] of the spectrum of certain gapless spin-chain hamiltonians using Bethe-Ansatz-type methods suggests that such methods generically lead to fermionic sum expressions [6] - [8] for the (finitized) characters, expressions which generalize the (finitized) sum-side of the Rogers-RamanujanSchur identities; CTM methods, on the other hand, lead naturally to one-dimensional (1D) configuration sums, which are statistical sums over certain restricted configurations (with appropriate weights) defined on a finite one-dimensional lattice.
In [9] we noted the equality of certain fermionic and 1D configuration sums, which are finitized characters of the unitary minimal models of conformal field theory. These 1D configuration sums appeared originally in the work [10] on RSOS models, and were shown there to be equal to certain bosonic sums which provide finitizations of the more familiar expressions for the characters [11] given in terms of theta functions.
In the present paper we discuss analogous identities between bosonic, fermionic, and 1D configuration sum expressions for finitized characters of the su(2) affine Kac-Moody algebra at level one. The relevant spin chain in this case is [12] the (antiferromagnetic) spin-
Heisenberg chain, to which the Bethe Ansatz was originally applied [13] . We will see that the Bethe-Ansatz description of its spectrum leads naturally to a decomposition of the affine su(2) characters into characters of the so-called degenerate representations of the Virasoro algebra at central charge c=1, thus motivating us to conjecture fermionic sum expressions also for finitizations of the latter characters.
Polynomial Identities
We start by recalling some standard notation (see e.g. [14] ). Let
in terms of which the q-binomial coefficients are defined as
for m, n ∈ Z Z. Note their properties [14] 
3)
Now for j = 0, 1 2 and L a non-negative integer, define the bosonic sums
where [x] denotes the integer part of x. Also, define the fermionic sums
where C A 2 = 2 −1 −1 2 is the Cartan matrix of the algebra A 2 , and m = (m 1 , m 2 ).
, and for positive L (still
where h L+1 = µ L+1 for j=0 and h L+1 = 1−µ L+1 for j= 10) and in addition, for L=0, we set C (0) j (z, q) it is best seen from the following theorem which is one of our main results.
Proof: (i) The first equality in (2.11) is proven directly by using the general identity (2.4) specialized to the case of n 1 = [
The rhs of (2.7) is then rewritten as 12) and the change of summation variable k → m 1 = k + m 2 gives the rhs of (2.8), as claimed.
(ii) To prove the second equality in (2.11) we show that the B
satisfy the same recursion relations and initial conditions in L. Starting from the rhs of (2.7), we use the first (second) line of (2.3), followed by a change of summation variable
in the second resulting sum. Thus we obtain for L=1,2,3,. . .
where
(2.14)
Together with the initial conditions B To conclude this section, let us note that the polynomials of theorem (2.11) are reciprocal to the Rogers-Szegö polynomials (see e.g. [14] ), 15) in the following sense:
(The derivation of (2.16), starting from the definition (2.7), is elementary.)
Connection with the Heisenberg magnet
Here we describe how the polynomials of the previous section arise (modulo a conjecture) in the one-dimensional Heisenberg model, also called the spin- 
acting on (C 2 ) ⊗L , where the components of 2S n are the three Pauli matrices acting on the space C 2 associated with the n-th site along the chain. We will summarize only the details of the solution of the model which are relevant for us here, following [15] , and refer the reader to this reference for a more thorough discussion which also explains the terminology used below.
The diagonalization of the hamiltonian, using Bethe's Ansatz [13] , leads to the following characterization of its eigenstates. First of all, one exploits the SU (2) symmetry of the model, i.e. the fact that H commutes with the total spin operator S = L n=1 S n , to diagonalize it simultaneously with S 2 (whose eigenvalues are S(S + 1)) and S z .
Thus the spectrum splits into su(2) multiplets, and each su(2) highest-weight eigenstate with M down-spins and L−M up-spins (where
, where the m a satisfy
(The non-negative integers m a are the number of "strings of length a", a = 1, 2, 3, . . ., in the given state.) For a given a, the I a j are distinct integers (half-odd-integers) if L − m a is odd (even), lying in ranges which depend on the m a and the size of the system L: 
where m = (m 1 , m 2 , . . . , m M ) and 1 is the M ×M identity matrix. Now the hamiltonian (3.1) is translational invariant, and the eigenstate labeled by {I a j } is also an eigenstate of the momentum (shift) operator with the eigenvalue
This formula can be interpreted as saying that the j-th a-string in the state contributes
to the total momentum P . (In fact, p a j can be seen to be the sum of the a "quasimomenta" [15] comprising the j-th a-string, provided -by convention -that the real parts of the quasi-momenta lie in the Brillouin zone [0, 2π] .) It follows from (3.4) that the momenta p a j belong to the set {p
and for all a obey a fermionic exclusion rule
Let us now form the generating function of the total momentum P in the sector
− M , ignoring the mod 2π in (3.5), namely consider (for L a positive integer and S ∈ {0,
The summation here is performed over all sets {p a j } allowed by (3.7)-(3.8) and (3.2), and the prefactor q −M was introduced for later convenience. Using the methods developed in [5] this sum is recast in the fermionic form
Note that the rhs here serves as the definition of B (L) S (q). We have verified that (3.11) holds for many small values of S and L; its validity at q=1, where the rhs reduces to
(cf. (2.6)) which correctly counts all su(2) highest-weight states of spin S in the spin chain, was proved in appendix A of [15] .
The significance of the conjecture, in connection with the discussion of sect. 2, is revealed by noting the following relation. Starting from (2.7) we have for L ≡ 2j (mod 2) It is now natural to extend the generating functions (3.9) to the full spectrum of the hamiltonian, consisting of whole su(2) multiplets, by forming the fermionic sumŝ
where j=0 or 
which leads to
where M = L 2 − S as before, m ′ 1 = 2S (which follows from (3.2)), and C A M (I A M ) is the Cartan (incidence) matrix of the algebra A M . Similarly, eq. (3.13) can be rewritten aŝ
where M = (L − m ′ 1 )/2. Second, recall that the sum (3.13) originated from the quasiparticle sum (3.9) which -potentially, as L→∞ -involves infinitely many types of quasiparticles a=1,2,3,. . .. We contrast it here with the 2-quasiparticle sum (2.8), explicitly exhibiting the latter's quasiparticle interpretation. As in [5] , we can rewrite (2.8) as
(3.17)
Characters
In the limit L→∞ the polynomials discussed in the previous sections become infinite series. We will use the symbols C
(z, q) to denote the L→∞ limits of the rhs's of eqs. (2.10), (3.10), and (3.13), respectively. In the case of the
, and B
(L)
S (q) the following simplifications occur due to (2.5):
The series in (4. Z Z ≥0 . The well-known expansion
showing the decomposition of the (A
1 ) 1 representations into (degenerate) Virasoro representations, can be recovered from eq. (3.12) in the limit L→∞.
Thus we have
Corollary (of theorem (2.11)):
In addition, validity of the conjecture (3.11) implies in the limit L→∞ 5) and if (4.5) is true, eq. (4.3) yields the identity
The rhs of eq. (4.6) was constructed in sect. 3 from the Bethe-Ansatz data of the spin-
XXX chain. Its equality to the characters of (A
1 ) 1 provides further support to the observation [12] that the long-distance asymptotics of the antiferromagnetic chain is described by the level one SU (2) WZW model (perturbed by some marginal operators [18] ).
The work of [12] is concerned mainly with the symmetry of the model in the continuum limit, while (4.6) is a statement about the degeneracy structure of the spectrum.
Discussion
Several comments on eqs. .2)). The equality χ j (z, q) = F (∞) j (z, q) can easily be inferred also from the results of [8] .
In the latter work fermionic expressions of the type (4.2) were given for the theta functions
Taking a=1 and b=2j=0,1, where
for the (A
1 ) 1 characters, which is slightly different from (4.2). However, if the expressions given in [8] for the f 4,b (z, q) are inserted into the rhs of the simple identity f 1,2j (z, q) = 
, and so
corresponding to (4.2) and (5.2), respectively. Now in the infinite L limit we have (1, q), which is a special case of the second equality in (4.4), was first shown in [21] , where an explicit construction of the vacuum representation of (A
n ) 1 on a space of paths in Z Z n+1 is presented. This construction was generalized to higher levels and arbitrary integrable representations in [22] . As far as we know, the conjectures (4.5)-(4.6) are new.
Returning to sect. 2, it would be interesting to generalize theorem (2.11) to polynomial identities between different forms of finitized characters of representations of higher rank and level affine Lie algebras. The relevant fermionic and 1D configuration sum expressions for the characters themselves are known in various cases [19] - [22] . The connection between the finitized characters and the spectrum of finite spin chains, discussed in sect. 3 for the case of (A 
